MATHEMATICS CBSE-XII-2013 EXAMINATION CAREER POINT

(MATHEMATICS) Code : 65/1

General Instructions :

(i)  All questions are compulsory.

(i1) The question paper consists of 29 questions divided into three sections A, B and C. Section A comprises of
10 questions of one mark each, Section B comprises of 12 questions of four marks each and Section C
comprises of 7 questions of six marks each.

(iii) All questions in Section A are to be answered in one word, one sentence or as per the exact requirement of
the questions.

(iv) There is no overall choice, However, internal choice has been provided in 4 questions of four marks each
and 2 questions of six marks each. You have to attempt only one of the alternatives in all such questions.

(v) Use of calculators is not permitted. You may ask for logarithmic tables, if required.

1. Write the principal value of tan_l( \/5 )— cot_l(— \/5 ). 1
Sol. tan’l(\/g )=m/3

cot '(=3)=n—n/6
Hence
/3 — (n — /6) =—1/2

2. Write the value of tan ' [2 sin(Z cos™! gﬂ . 1

Sol. v Ccos —=—
6

= tan (2 sin(2 - 1/6))

=tan' [2 . sinz)
3

=tan! {2@} =tan" \/5 =m/3

,1\/527'5
2

0o 1 -2
3. For what value of x, is the matrix A=|—-1 0 3 | a skew-symmetric matrix ? 1
x -3 0
Sol. The value of determinant of skew symmetric matrix of odd order is always equal to zero.
0 L. -2
-1 0 3|=0
x -3 0

~1(0-3x)-2(3-0)=0

= 3Xx-6=0 =
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1 -1
4. If matrix A= { i J and A% = kA, then write the value of k. 1

Sol. Given A’ = kA
1 -1 1 -1 1 -1
=k
-1 1]|-1 1 -1 1

B

5. Write the differential equation representing the family of curves y = mx, where m is an arbitrary constant. 1
Sol. y=mx .. €]
differentiating with respect to x, we get
dy/dx = m
differential equation of curve
_ xdy
Codx
2 -3 5
6. If Aj; is the cofactor of the element a;; of the determinant (6 0 4 |, then write the value of as; - Az, 1
1 5 -7
2 -3 5
Sol. 6 0 4
1 5 -7
A= (-1)’"? M3, where M3, is the minor of as,
34202 5
Ap=(-1) 6 4‘
Ap=- ‘2 5‘ = Ap=-(8-30)
6 4
a3As =5(122)=110
7. P and Q are two points with position vectors 3a — 2b and @ + b respectively. Write the position vector of
point R which divides the line segment PQ in the ratio 2 : 1externally. 1
Sol.  P.V.ofPis 3@ 2b
I 2 >l
. AR .
P Q 1 R

P.V.ofQis @ + b
Point R divides segment PQ in ratio 2 : 1 externally.

PV of R = (P-V.of p)ll— (Iz’.V.of Q)2)
(3d-2b)()-@E+b)(2) _ a-4b
1-2 -1

P.V.ofR =

P.V.ofR=4b-3a
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Sol.

10.

Sol.

11.

Sol.

Find | X |, if for a unit vector a,(X—a)-(X + a)=15. 1
Given|a|=1
(X-a)- (X +a)=15

X[ -|af=15

Xf-1=15
IXP=15+1
X [=16
[X[=4
Find the length of the perpendicular drawn from the origin to the plane 2x — 3y + 6z + 21 = 0. 1
_ |ax1+by1+czl+d|
\/az+b2+c2 |
90(0, 0, 0)
p
_':T\/I
2x—3y+6z+21=0
0+0+0+21

21 21
p=— = p=7 = p=3

V2243 46 V49

The money to be spent for the welfare of the employees of a firm is proportional to the rate of change of its
total revenue (marginal revenue). If the total revenue (in rupees) received from the sale of x units of a
product is given by R(x) = 3x” + 36x + 5, find the marginal revenue, when x = 5, and write which value does

the equations indicate. 1
R(x)=3x>+36x+5
MR = R 6436

dx

when x=35
MR =30+ 36 =66

Consider f : Ry — [4, ) given by f(x) = x> + 4. Show that f is invertible with the inverse f ' of f given by

f 1(y) = \Jy—4 , where R, is the set of all non-negative real numbers. 4
f:R" — [4, o)

fx)=x"+4

f'x)=2x>0 .. (one - one)

Asf(x)=x"+4>4

= Rage = [4, o) = co-domain
onto

So f is invertible.

Further : y = x> +4

= y—4:x2 = x==+,y-4

Asx>0sox=,y—4
Loy=Ax—-4=f(x)
Or f'(y)=4y-4
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12. Show that :
(1 . _lsj 4-7
tan | —sin  — |=
2 4 3
OR

Sol. Let lsin’
2

Solve the following equation :

cos(tan 'x) = sin (cot1 %)

13
4

=0 then %:sinZG

Now tan (l sin”! i =tan0
2 4

If sin 20 = % then

8 tan O = 3 + 3tan’0
3tan’0 —8tan 0 +3 =0

tan O =

2tan 0
1+tan?0

8+4/64—-4x3x%x3

tan O =

_3
4

3

1. 43 4-47
tan| —smn — | =
2 3

4

OR
cos (tan’lx)

4+47 4-1
3 or

Hence proved.

LHS. lettan'x=0 = x=tan0

1

1

cos 6 =
Hence cos (tanflx) s

R.H.S Let cot ! %= 0=
1

1

\/l+tan29 =\/1+x2

V1+x?

w

—=cot0
4

1 4

then sin © =

Now LHS = RHS

\/1+cot26 \/1+9

16

1 _4
1+x> 5
25=16+ 16x>
29 3
X' = — = X= —
16 4
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13. Using properties of determinants, prove the following :

X
X+2y
X+y
X

Sol. X +2y

X+y

X+y
X

X +2y
X+y
X

X +2y

X+2y
X+y
X
X+2y
X+y

X

14.

Sol.

=9y’ (x +y)

=9y’ (x +y)

X X+y x+2y

LHS |x+2y X
xX+y Xx+2y

X+y

X

Now, apply C; > C; + C, + C;

3x+3y x+y X

+ 2y

3x + 3y X X+y

3x+3y x+2y

X

I x+y x+2y

3x+y) |l X X+y

1 x+2y X

(Taking common 3(x +y) from C,)
Now, apply Ry - Ry — R;
R, >R, - R3

0 -y 2y
3x+ty) |0 -2y 'y
I x+2y x
-y 2y‘
-2y vy

32(+)—12
X
y Y_21

3(x+y)

3y2(x +y)(-1+4)= 9y2(x +y). Hence proved.

dy (l+log y)2

Ify*=¢’ % prove that —
dx logy

yx — ey —-X
= xlogy=y—-x
Differentiating w.r.t. x

1dy dy

= logy+x- ——

1

ydx dx

= logy+1= dy (1—
dx

dx

= logy+1= g(l_l

= (logy+1)= ¥ (
dx

dy _ (I+log, y)*
dx log.y
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15. Differentiate the following with respect to x :
. 2X+1 ‘3)(
sin | —
1+(36)*
B 2X+l . 3X :|

Sol. y=sin"
| 1+(36)"

223
y=sin |————
|1+ (36)*
| 2-(6)"
| 1+(6)™
y =2 tan ' (6)*
ﬂ: 2 ) .6X
dx 1+(6)~"
dy 2-6"log6
dx  1+(36)

y=sin"'

log6

VI+kx —+1-kx

if —1<x<0

16. Find the value of k, for which f(x) = X is continuous at x = 0.

2x+1 if 0<x<l

x—1"

OR
2
Ifx=a cos’0 and y=a sin’0, then find the value of &y at0=

r
dx? 6
VI+kx —+1-kx

Sol.  f(x)= e

if —1<x<0

, if 0<x<l
x—1

function f(x) is continuous at x = 0
f(0) = limf(x)
x—0

0+1 _hm(«/lJrkx—\/l—ka

0—18 x>0 X

x—0

4 (x/1+kx—\/1—kx][\/1+kx+\/1—kx]
= —1=lim

V1+kx +4/1-kx
SR (£ = R (5 =5
x>0 x[v/1+kx ++/1—kx]

. 2k
= —1=1lm
x>0 1+kx ++/1-kx

= -1=— = k=-1
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OR

3 .3
x =acos 0 and y=asin’0

dx_ —3acos’® sin © and dy_ 3a sin’0 cos O
de de

dy
dy _de
dx (LX
do
dy
X

2
= Hz—secz e@
dx? dx

2
= d—z =—sec’0- i -
dx (—3acos” 6-sin0)
2
= j—};= %sec“@-cosec@
X a

dy) (2}, 3
dx? oo 3a ﬁ 27a

Evaluate :
_[ Ccos2X —cos2a

=—tan0

o la

dx

COSX — COS QL
OR
Evaluate :

_[ X+2

—dx
sz +2x+3

J‘ CcOS2X —cos2a dx

COSX —COSQ

_ (ZCoszx—l)—(2cos2a-1)dX

COSX —COoSQL

dx

_ J‘ 2(cosx —cosa)(cosx —cosa)
(cosx —cosa.)

= 2I(cos X +cosa)dx

=2(sinx +xcosa)+c
OR

I:J‘ X+2

= |
Vx? +2x+3 i
x+1)+1
I= |{————/dx
J.{VX2+2X+3}
(x+1) 1
[= |\ ————dx+ |{——=dx
J-{x/x2+2x+3} J.{\/x2+2x+3}

I:L+Iz
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2

Inl; let x> +2x+3 =t
(2x +2)dx =2t dt
= (x+ 1)dx=tdt

o [
I, = Vx2 +2x+3
Now in I, =

J' 1 dx=j dx
VX% +2x+3 Jx+D?+2
L=log[(x+ 1)+ {(x+1)>+2]

NowlI=1+1,
= I=+vx*+2x+3 +1og(x+1+\/x2+2x+3)+c
18. Evaluate : 4
J‘ dx
x(x” +3)
Sol. I:.[(:—X
x(x” +3)
= x*dx
_I 5,05
x°(x” +3)
Letx’=t = 5x" dx =dt
1
S5Jt(t+3)
I:l.lj 1
5 34t t+3
I= %{logt—log(t+3)}+c

19. Evaluate : 4
2n
.
0 1+eSlnX
Sol. j ..... (1)
0 1+eslnx
2n
IO 1+esm(2n X) dx

J427r
0 1+e—smx
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o sinx

e
I= —dx .. 2
.[0 eSlﬂX + l ( )
Adding (1) & (2) we get

2 sinx

— 20= j Ite ™ lix
0 1+esmx

= 2I=[x];"

= 2[=2n

I=n

20. Ifa=i ,j +7k and b=5i— 3 + 1k , then find the value of A, so that a+ b and a— b are perpendicular
vectors. 4

Sol. a=1i —j +7k

=5i—j+2rk

ol

+b=6i-2j+(7+Nk

o)

a-b=-4i-0j+(7-1Mk

given (a + 5) and (a— 5) are perpendicular
(a+b)-(a—b)=0
(61 2] +(T+Nktx{4i -0j+(7-Nk1=0
6(—4)+0(=2)+(7+A1) (7T-2)=0
24+49-27=0

SE

21. Show that the lines 4
F=3i+2] -4k +Mi+2] +2k);

=¥

=5{-2]+u@it+2j+6k)
are intersecting. Hence find their point of intersection.
OR
Find the vector equation of the plane through the points (2, 1, —1) and (-1, 3, 4) and perpendicular to the
plane x — 2y +4z = 10.
Sol. If the given lines are intersecting then the shortest distance between the lines is zero and also they have same
common point t = 3i+ 23’ —4k +X(i+2j +21A<)
x-3 y-2 z+4
i 5 5 =2 (Let)
LetPis (A + 3,20+ 2,20 —4)
Also, T =51-2] +p(3i+2j +6k)
x=5 y+2 z-0
3 5 G (=w) (Let)
LetQis(Bu+5,2u—2, 6p)
If lines are intersecting then P and Q will be same.

=

A+3=3u+5 .. (1)
M+2=2u-2 . @)
M —4=6p ... 3)
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Solve (2) & (3)
At+tl=p-1
A—=2=3pn

_ 4+ _
3="2un-1
4=-2un

Putpu=-2 ... 3)
20 —4=06(-2)

2 =-12+4

2 =-8

Putp & Ain (1)
A+3=3u+5
—4+3=3(2)+5
—1=-1
from A =—4 then P is (-1, -6, — 12)
from p=-2 then Q is (-1, -6, — 12)
as P and Q are same

lines are intersecting lines and their point of intersection is (-1, —6, —12).

OR
given plane

AB=0OB-0A
AB=-3i+ 23’ +5k
given plane x — 2y +4z =10
A, =i-2j+4k
The required plane is perpendicular to given plane.

Therefore n of required plane will be perpendicular to n, and AB.
i || (i, x AB)
fi, =1-2j+4k
AB=-3i+2]j+5k
i, xAB= —18i—17]—4k
required plane is
r-n=a-n
(-181-17] —4k)=(Qi+ j k) - (-181-17] —4k)
(-18i-17] -4k )=-36-17+4
S(-181-17j —4k)=—-49
| 18x+17y+4z=49 |

=i o=l

=
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22.

N

The probabilities of two students A and B coming to the school in time are %and % respectively. Assuming

that the events, ‘A coming in time’ and ‘B coming in time’ are independent, find the probability of only one

of them coming to the school in time. Write at least one advantage of coming to school in time. 4
Sol. If P(A come in school time) = 3/7

P(B come in school time) = 5/7

P(A not come in school time) = 4/7

P(B not come in school time) = 2/7

P(only one of them coming school in time)

=P(A)xP(B) +P(A) - P(B)

3 25 N 4 206

7777 49

2 2
23. Find the area of the greatest rectangle that can be inscribed in an ellipse X—2 + y_2 =y 6
OR

Find the equations of tangents to the curve 3x* - y2 = 8, which pass through the point [g, Oj .

2 2
Sol.  Given ellipse is ~5 +25 =1
a”~ b
A y

(acos 0, bsin 0)

-b

Area of rectangle
A=2acosH-2bsin0
A =2ab - sin 20
Amax. =2ab
OR
Let a point (x3, y1)
3 -y’ =8 = 6x—2yy' =0

. 3x
=> y'=—

y

Tangenty —y, = ﬁ(x -X;)
M

It passing through (g, Oj .

~ :ﬁ(i_xj
Y1 v, \3 1

= —y1224x1—3x12 = yf:3x12—4x1
= 3)(12—8:30(12—4)(1

. X1:2
So 12-y*=8
= y2=4 = y;=%2
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24,

Sol.

25.

Sol.

26.

Sol.

Find the area of the region bounded by the parabola y = x* and y=|x]|. 6
y
_ 2
y=X
yoox Ly, ~Y*
B
C X
0O A !

Required area = 2[area of AOAB — Area of curve OCBA]
_ 5] T2
A= 2{5 (1)1 j x dx}

a=2 Ll 1l o Ao lilL
2 3 6] 3

Find the particular solution of the differential equation (tan"'y — x)dy = (1 + yz)dx, given that when x = 0,

y=0. 6
(tan™'y —x)dy = (1 +y’)dx
N d_x:tan’ly_ X

dy 1+y*> 1+y?

dx X tan'y
= —+ 5= 5

dy 1+y l+y

J' 1
IF=e "
[F=e

x. IF = IQ.Ide+c

tan~' y

e Yy ¢
(+y?) i

-1
|

Put tanﬁly =t

3
= x:e Y=|te"dt+c
I

1
= x-e™ Y=(t-e)—(e")+c

-1 _ -1 -1
= x-e™ Y=tan'y-e™ Y- Y4c

Find the equation of the plane passing through the line of intersection of the planes r - (f + 33) —6=0 and

T (3% - j - 41A<) =0, whose perpendicular distance from origin is unity. 6
OR
Find the vector equation of the line passing through the point (1, 2, 3) and parallel to the planes

T-(i—j-2k) =5and T-Gi+j+k)=6.
Piis T-(i+3j)-6=0
Pyisx+3y-6=0
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27.

Sol.

P,is T-(3i—j—4k)=0

Pyis3x—y—-4z=0

Equation of plane passing through intersection of P and P, is Py + AP, =0
(x+3y-6)+A3x—-y—-42)=0

A+30)x+@B-Ay+(4A)z+(-6)=0

Its distance from (0, 0, 0) is 1.

| 0+0+0-6 |=1
|\/(1 302+ (3=2)% + (40’ |

36 =(1+30)"+ (3= L)+ (4r)°
36=1+90>+ 6L+ 9+ A% — 6A + 16)%

36=2612+10 = 26)2=26 = A’=1 =

Hence required plane is

ForA=1, (x+3y-6)+10Bx-y-42)=0
4x +2y—4z-6=0

ForA=-1, (x+3y—-6)—-1(3x—-y—-4z)=0
—2x+t4y+4z-6=0

OR

Piis T-(i—j+2k)=5

Roiojeok
P,is T-(3i+j+k)=6

n, = 3i+j+k
The line parallel to plane Py & P, will be perpendicular to n; & n,

bl (&, x i)

I

R o3 jek

n, xi, = 3i+5]+4k

b=-3i+ 5] +4k
Point is (1, 2, 3)

a=i+ 2} +3k

required line is T =4 + Ab

F=(+2j+3Kk) + A(=3i+5]+4k)
In a hockey match, both teams A and B scored same number of goals up to the end of the game, so to decide
the winner, the referee asked both the captains to throw a die alternately and decided that the team, whose
captain gets a six first, will be declared the winner. If the captain of team A was asked to start, find their
respective probabilities of winning the match and state whether the decision of the referee was fair or not. 6
P(6 get) = 1/6
P(6 not get) = P (6get) = 5/6
P(A win) = P(A get 6) + P (@) -P (@) P(6 get) + P (6get)-P(6get) - P(6get)-P(6get) P(6 get) +......+ ©

P(Awin)=l+§><§>< +§x§x§x§xl+....+oo
6 6 6 6 6 6 6

5 s\
+| = +| =] x—=+....+®
(&) e(8) ¢
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6 s s

(1_25j=11><6=11
36

Similarly winning for B
P(B win) = 1 — P(A win)

63
11 11
28. A manufacturer considers that men and women workers are equally efficient and so he pays them at the same

rate. He has 30 and 17 units of workers (male and female) and capital respectively, which he uses to produce
two types of goods A and B. To produce one unit of A, 2 workers and 3 units of capital are required while 3
workers and | unit of capital is required to produce one unit of B. If A and B are priced at ¥ 100 and ¥ 120
per unit respectively, how should he use his resources to maximise the total revenue ? Form the above as an
LPP and solve graphically.
Do you agree with this view of the manufacturer that men and women workers are equally efficient and so
should be paid at the same rate ? 6
Sol. if Zmax = 100x + 120y
type A | type B

worker 2 3 30
capital 3 1 17
Subject to,
2x +3y <30
3x+y<17
x>0
y=0

Let object of type A =x
Object of type B =y
y

(0, 17} D

0,10)C (3, 8)

B
X
00| A (15, 00N
(2x + 3y < 30)
(Bx+y) <17
pts. Coordinate Z™ =100x + 120y
0 (0, 0) Z=0
A
(1_7, Oj 7= 1700
3 3
E 3, 8) 7 =300 + 960 = 1260
C (0, 10) 7= 1200

maximum revenue = 1260.
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29.

N-J

The management committee of a residential colony decided to award some of its members (say x) for
honesty, some (say y) for helping others and some other (say z) for supervising the workers to keep the
colony neat and clean. The sum of all the awardees is 12. Three times the sum of awardees for cooperation
and supervision added to two times the number of awardees for honesty is 33. If the sum of the number of
awardees for honesty and supervision is twice the number of awardees for helping others, using matrix
method, find the number of awardees of each category. Apart from these value, namely, honesty, cooperation
and supervision, suggest one more value which the management of the colony must include for awards. 6
Sol. Given x+y+z=12 (D)

3(y+2z)+2x=33 c(2)

(x+z)=2y .....(3)
xty+z=12
2x +3y+3z=33

x—2y+z=0
11 1[x] [12
2 3 3||yl|=[33
1 -2 1|z 0
AX=B
A'(AX)=AT'(B)
I-X=A"B
X=A"B
< (AdiA)-B

| Al

11 1
|A|=]2 3 3

1 -2 1

IA|=13+6)—12-3)+1(-4-3)
IA[=9+1-7=3
|A]#0

9 -3 0
(Adj.A)=| 1 0 -1

-7 MW 1

o ) |4
(AdjA)B=|1 0 -1| |33

! A 0

3x3 3x1
9
(Adj)B= |12
15
< (AdiA)-B
|A|
9 3 x] [3
x=1l12] = x=|4|= |y|=|4
31s 5 z| |5
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