CBSE CLASS XII MATHS
Application of Derivative(Differentiation)
	Q1. Find the equation of the normal to the curve y = sin2x at a point (/3, 3/4). 

	Ans1. We have y = sin2x
dy/dx = 2sinx.cosx = sin2x
Slope of the tangent at (/3, 3/4) = dy/dx|(/3, 3/4) = sin2(/3) = 3/2
Slope of normal at (/3, 3/4) = negative reciprocal of 3/2 = -1/(3/2) 


Equation of normal at (/3, 3/4) is y - (3/4) = (-2/3)(x - /3). 

	Q2. Find the equation to the normal to the curve y = sinx, at (0, 0). 

	Ans2. y = sinx  dy/dx = cosx
At (0, 0), dy/dx = cos0 = 1
Slope of the normal = (1/-1) = -1
Normal at (0, 0) is
y - 0 = -1(x - 0) = -x
x + y = 0. 

	Q3. Let p be a variable point on the ellipse (x2/a2) + (y2/b2) = 1 with foci F1 and F2. If  is the area of a triangle PF1F2, then find the maximum value of  is equal to. 

	Ans3. , the area of  PF1, F2 is maximum when the perpendicular distance of P from F1F2 is maximum,
Which is so when P is at B(the end of minor axis)
Maximum value of  = Area of BF1F2 = (1/2)(F1F2) X (OB) = OF1 X OB = eab. 

	Q4. Find the point of the greatest slope of a tangent to a curve y = 1/(1 + x2). 

	Ans4. The slope of the tangent to y = 1/(1 + x2) is dy/dx = -2x/(1 + x2)2
Let z =  -2x/(1 + x2)2 then dz/dx = -{2(1 + x2)2} - 8x2(1 + x2)}/(1 + x2)4] clearly dz/dx  0 at x = 0. So z cannot be maximum at x = 0. 

	Q5. What is the maximum value of x + 1/x? 

	Ans5. Let y = x + 1/x then dy/dx = 0
1 - (1/x2) = 0  x = +1
Now d2y/dx2 = 2/x3. Then (d2y/dx2) = 2 > 0 and (d2y/dx2)x=1 = -2 < 0
Thus, y is maximum at x = -1 and minimum at x = 1. The maximum value of y is 0 and the minimum value is 2. 

	Q6. Prove that f(x) = (3 - x)e2x - 4xex - x has neither maxima nor minima at x = 0. 

	Ans6. f(x) = (3 - x)e2x - 4xex - x
 f'(x) = -e2x + 2(3 - x)e2x - 4ex - 4xex - 1
 f'(0) = -1 + 6 - 4 - 1 = 0
Now, f''(x) = -2e2x + 4e2x(3 - x) - 2e2x - 8ex - 4xex
f''(0) = -12 + 24 - 16  0
Thus at x = 0, the function does not attain a maxima or minima. 

	Q7. Find the length of the subtangent to a curve, x2 + xy + y2 = 7 at (1, -3). 

	Ans7. x2 + xy + y2 = 7
 2x + x.(dy/dx) + y.1 + 2y(dy/dx) = 0
 (x + 2y)(dy/dx) = -(2x + y)
At (1, 3)(dy/dx) = -(2 - 3)/(1 - 6) = -3/(-1/5) = 15. 

	Q8. The curve ax2 + by2 = 1 and a'x2 + b'y2 = 1 intersect orthogonally, if then prove (1/a) - (1/b) = (1/a') - (1/b'). 

	Ans8. ax2 + by2 = 1  2ax + 2by(dy/dx) = 0
 dy/dx = -ax/by
a'x2 + b'y2 = 1  dy/dx = -a'x/b'y
Since the given curves out orthogonally
 -(ax/by) - (a'x/b'y) = -1
 (aa'/bb')(x2/y2) = -1
Also ax2 + by2 = a'x2 + b'y2
 (a - a')x2 = (b - b')y2
 (x2/y2) = (b - b')/(a - a')
(aa'/bb'){(b - b')/(a - a'}) = -1
(a - a')/(aa') = (b - b')/(bb')
 (1/a') - (1/a) = (1/b') - (1/b)
 (1/a) - (1/b) = (1/a') - (1/b'). 

	Q9. If a < o, the function (eax + e-ax) is a strictly monotonically decreasing function for values, of x, then prove x > 0. 

	Ans9. f(x) = (eax + e-ax)
 f(x) = (aeax + ae-ax) = a(eax - e-ax) = 2asinh(ax)
since f(x) is strictly monotonic decreasing
 f'(x) < 0 2asinh(ax) < 0
 x > 0 ( a < 0). 

	Q10. If a function f(x) = cosx - 2px is monotonically decreasing then find the value of p and interval of sinx. 

	Ans10. f(x) will be monotonically decreasing if f'(x) < 0. Now f'(x) = -sinx - 2p
 f'(x) < 0  -sinx - 2p < 0
 (sinx)/2 + p > 0
 p > -(sinx/2) > -(1/2)
 p > -(1/2) 

	Q11. If a function f(x) = kx3 -ax2 + 3 is monotonically in each interval, then find the interval in which k lies. 

	Ans11. f'(x) = 3kx2 - 18x + 9 = 3(kx2 - 6x + 3)
Since f(x) is monotonically increasing  f'(x) > 0
 kx2 - 6x + 3 > 0  x  R
  = b2 - 4ac < 0, k > 0
i.e. 36 - 12k < 0  36 < 12k
 3 < k  k > 3 [so that k > 0]. 

	Q12. What is the absolute maximum of y = x3 - 3x + 2 in 0 < x < 2? 

	Ans12. y = x3 - 3x + 2  dy/dx = 3x2 - 3 = 3(x2 - 1)
For maximum or minimum of y, dy/dx = 0  x2 - 1 = 0
 x = + 1 and d2y/dx2 = 6x
For x = 1, d2y/dx2 = 6 > 0
 y is minimum for x = 1
For x = -1, d2y/dx2 = -6 < 0
y is maximum for x = -1
 Absolute mean value of y = (-1)3 - 3(-1) + 2 = -1 + 3 + 2 = 4. 

	Q13. Given f(x) = x2/3 find c  (0, 1) using LaGrange Mean Value Theorem. 

	Ans13. f(1) = 12/3 = 1 f(0) = 02/3 = 0
(i)  f(0)  f(1)
(ii) f(x) is polynomial hence continuous
(iii) f'(x) = (2/3)x-1/3 exists in (0, 1)
Applying L.M.V. theorem {f(1) - f(0)}/(1 - 0) = f'(c)
2/(3c1/3) = 1 - 0  c2/3 = 2/3  c = 8/27  (0, 1). 

	

	Four mark questions with answers

	Q1. Verify the Rolle's theorem for the function
f(x) = x3 - 4x in interval [0, 2]. 

	Ans1. Hence f(x) = x3 - 4x in interval [0, 2] ....................(1)
(a) f(x) being a polynomial function of x is continuous everywhere and hence is continuous in [0, 2]
(b) f'(x) is derivable in [0, 2]
(c) f(2) = 8 - 8 = 0 and f(0) = 0
 f(0) = f(2)
Thus all conditions of Rolle's theorem are satisfied. Hence there must exist at least one point x = c in (0, 2) such that f'(x) = 0
f'(x) = 3x2 - 4
f'(c) = 3c2 - 4
Now f'(c) = 0  3c2 - 4 = 0  c2 = 4/3
 c = 2/3, -2/3 where c = 2/3  (0, 2)
Hence Rolle's Theorem is verified. 

	Q2. Verify Rolle's Theorem for
f(x) = sin2x in [0, /2]. 

	Ans2. f(x) = sin2x
(a) Since function is continuous for all values of x
 f(x) s continuous in [0, /2]
(b) f'(x) = 2.cos2x= finite, definite and real for all real values of x [cos is real and always lies between -1 and 1]
f(x) is derivable in (0, /2)
(c) f(0) = sin0 = 0
 f(/2) = sin = 0
Thus all the conditions of Rolle's theorem are satisfied. Hence there must exists at least one value of c  (0, /2) such that f'(c) = 0
f'(x) = 2cos2x
f'(c) = 2cos2c
Now f'(c) = 0  2cos2c = 0
 cos2c = cos(/2)  2c = /2
c = (/4)  (0, /2)
Hence, Rolle's Theorem is verified. 

	Q3. A rectangular sheet of tin is 8ft X 5ft. Equal squares are cut out from each corner and the remainder is folded so as to form an open box. Find the maximum volume of the box. 

	Ans3. Let the side of each square cut off be x ft.
Length, Breadth and height cut off be x ft respectively.
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Volume V of box = (8 - 2x)(5 - 2x)x = (40x - 26x2 + 4x3)
 dV/dx = 40 - 52x + 12x2
= 4(10 - 13x + 3x2)
= 4(10 - 3x)(1 - x)
For maxima or minima
dv/dx  = 0
i.e. (10 - 3x)(1 - x) = 0
 x = 1, 10/3
But x cannot be 10/3, hence x = 1 [ 2 X (10/3) > 5]
Also d2V/dx2 = 4(-13 + 6) = -28 = -ve At x = 1
V is maximum when x = 1 and maximum volume
= 40(1) - 26(1)2 + 4(1)3 = 40 - 26 + 4 = 18 cu.ft. 

	Q4. Find the rhombus of least perimeter that can be circumscribed to a circle of radius r. 

	Ans4. Let a circle have center O and radius r and ABCD be a circumscribed rhombus.
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Also angle LAD = , AB = BC = CD = AD = x
and DL  AB
Now DL = diameter = 2x [... distance between the parallel lines AB and CD]
Also DL = x sin
 2r = x sin
or x = 2r/sin = 2r cosec
Now p = perimeter = 4x = 8r.cosec
dp/d = -8rcosec.cot
and d2p/d2 = 8r[-cosec3 - cot2.cosec]
For maximum or minimum dp/d = 0
cosec.cot = 0  cos = 0   = 90o
At  = 90o, d2p/d2 = +8r[1] = negative
p is maximum. 

	Q5. Find the volume of the greatest right circular cylinder cone, that can be described by revolving the side of a right angle of hypotenuse 1 ft. 

	Ans5. Let the right angled  ABC revolve about its side AC and let AC = x, then AB = radius of the base of the cone
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volume of the cone is given by
V = (1/3)(radius)2 X height
= (1/3)(1 - x2)x
= (/3)(x - x3) ...................(1)
 dV/dx = (/3)(1 - 3x2)
For maximum or minimum, dV/dx = 0
 1 - 3x2 = 0  3x2 = 1  x = 1/3
Also d2V/dx2 = (/3)(-6x) = -2x
At x = 1/3, d2V/dx2 = -2.(1/3) = -ve
Volume is maximum when x = 1/3
and the maximum volume = (/3){(1/3) - (1/33)}
= (/33){1 - (1/3)} = (2/93)cu.ft. 

	Q6. Show that a cylinder of given volume open at the top has minimum total surface area provided its height is equal to the radius of its base. 

	Ans6. Let the radius and height of the cylinder be r and h respectively. Then its volume V is given by
V = r2h  h = V/r2
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Let the total surface area be s, then
S = r2 + 2rh
= r2 + 2r(V/r2) = r2 + (2V/r)
 ds/dr = 2r - (2V/r2)
For maximum and minimum, ds/dr = 0
 2r - (2v/r2) = 0
 2r = 2v  2r3 = 2r2h [ v = r2h]
 r = h
Also d2s/dr2 = 2 + (4v/r3) = +ve
 S i.e. Total surface area is minimum when h = r, i.e. when height = radius 

	Q7. A manufacture can sell x items at a price of Rs.(250 - x) for each item. The cost of producing x items is Rs(2x2 - 50x + 12). Determine the number of items to be sold so that he can make maximum profit. 

	Ans7. Selling price of x items = Rs.[x(250 - x)]
Cost of producing x items = Rs.[2x2 - 50x + 12]
Let p(x) be the profit function
p(x) = x(250 - x) - (2x2 - 50x + 12)
= -3x2 + 300x - 12
p'(x) = -6x + 300
For maximum and minimum, p'(x) = 0
i.e. -6x + 300 = 0  x = 50
Also p''(x) = -6 = -ve
Profit is maximum when x = 50, i.e. if manufacturer sells 50 items, he will make maximum profit. 

	Q8. What is the minimum value of (a + x)(b + x)/(c + x) for a, b > c; x > (-c). 

	Ans8. Re-writing the function as
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And putting a - c = , b - c = , x + c = z we get
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= z + {()/z} + ( + )
dy/dz = 1 - ()/z2 = 0 at z = ()
d2y/dz2 = (2/z3) > 0 [z > 0]
So there is a minimum at z = ()
which is single critical point in the domain therefore at z = (), y has minimum value.
yminimum = 2() +  +  = ( + )2 = [(a - c) + (b - c)]2 

	Q9. A beam of length 'l' is supported at one end. If w is the uniform load per unit length, the bending moment M at a distance x from one end is given by M = (l/2)x - (W/2)x2. Find the point on the beam at which the bending moment has the maximum value. 

	Ans9. M = (l/2)x - (W/2)x2
 dM/dx = (l/2) - (W/2).2x
For maxima or minima, dM/dx = 0
i.e. (l/2) - (W/2).2x = 0  x = (l/2W)
Also d2M/dx2 = -W = -ve
 M is maximum at x = (l/2W). 

	Q10. The combined resistance R of two resistors R1 and R2, (R1, R2 > 0) is given by
(1/R) = (1/R1) + (1/R2)
If R1 + R2 = C (constant); Show that the maximum resistance R is obtained by choosing R1 = R2. 

	Ans10. R1 + R2 = C (constant)  R2 = C - R1
Also (1/R) = (1/R1) + (1/R2) = (1/R1) + {1/(C - R1)}
= (C - R1 + R1)/{R1(C - R1)} = C/{R1(C - R1)}
R = (1/C){R1(C - R1)}
 dR/dR1 = (1/C)[C - 2R1]
Now dR/dR1 = 0  R1 = (C/2)
R2 = C - (C/2) = C/2
Also d2R/dR12 = (1/C)(-2) = -ve
 R is maximum
Hence, R is maximum when R1 = R2 = C/2. 

	Six mark questions with answers

	Q1. Describe the motion of a point which moves along a path represented by the equation S = 3t2 - 18t. 

	Ans1. We have S =3t2 - 18t
 velocity = dS/dt = 6t - 18 = 6(t - 3)
 0 < t < 3  u =0
t = 3  u = 0
t > 3  u > 0
During the first three seconds, the point moves in the negative direction. At t = 3, the point is at rest and after that (t > 3), the point starts moving in the positive direction.
At t = 0, S = 3(0)2 - 18(0) = 0
 The points starts from the origin.
At t = 3, S - 3(3)2 - 18(3) = 27
 The point starts from the origin, on the negative side, when it is at rest. 

	Q2. A figure consists of a semi-circle with a rectangle on its diameter. Given the perimeter of the figure, find its dimensions when its area is maximum. 

	Ans2. Let the radius of the semi-vertical = r
 Side of the rectangle = 2r
Let the other side = x
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Now perimeter,
p = (1/2) X 2r + 2x + 2r
= r + 2x + 2r
= r( + 2) + 2x
 2x = p - r( + 2)
Area, A = (1/2) X (r2) + x X 2r
= (1/2)r2 + 2r.(1/r)[p - r - 2r]
= (1/2)r2 + pr - r2 - 2r2 = pr - (r2/2) - 2r2
 dA/dr = p - r - 4r
For maximum and minimum, dA/dr = 0
i.e. p - r - 4r = 0  p - r(4 + ) = 0
 r = p/(4 + )
Also d2A/dr2 = -p - 4 = -ve
 Area is maximum when r = p/(4 + )
Thus radius of the semi-circle = p/(4 + )
One side of the rectangle = 2r = 2p/(4 + )
Other side x = (1/2)[p - {p/(4 + )}( + 2)] = p/(4 + ). 

	Q3. The motion of a stone thrown vertically upwards satisfies an equation of the form S = at2 + bt, where s and t are measured in meters and seconds respectively. If the maximum height reached by the stone is 4.9 meters and if its acceleration s -9.8 m/s2, find its height after half a second. 

	Ans3. We have s = at2 + bt
 (1)  u = ds/dt = 2at + b
and acceleration = du/dt = 2a
Acceleration is given to be -9.8m/s
 2a = -9.8  a = -4.9
At the highest point, u = 0, i.e. 2at + b = 0 or t = -b/2a = -b/2(-4.9) = b/(9.8) 
 Maximum height = s, when t is (b/9.8)
= -4.9(b/9.8)2 + b(b/9.8) (... a = -4.9)
= (b2/9.8)[-(4.9/9.8) + 1] = (b2/9.8) X (1/2) = {b2/(19.6)}m
Also maximum height = 4.9 m
 (b2/19.6) = 4.9
 b = 4.9 X 19.6 = (49 X 196)/100 = {(7 X 14)/10}2 = (9.8)2
 b = 9.8 
 (1)  s = -4.9t2 + 9.8t
when t = (1/2), s = -4.9(1/2)2 + 9.8(1/2) = -(4.9/4) + 4.9 = 4.9(3/4) = 3.675 m. 

	Q4. Find the co-ordinates of a point on the curve y = x/(x2 + 1) where tangent to the curve has maximum slope. 

	Ans4. The given curve is y = x/(x2 + 1) ....................(1)
 The slope of the tangent at any point on (1)
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First we find the maximum value of f(x)
Differentiate w.r.t. x, we get
[image: image9.png]+x?f - -xdHag x| - 2x@-xd
iy = LN (20 A a2 e o 226G )

Arxiyt a2




[image: image10.png]gy = g L T B3] B Pl e f 2
) 7&%2)5




[image: image11.png]



Now f'(x) = 0  x(3 - x2) = 0  x = 0, 3, -3
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 f(x) is maximum when x = 0, when x = 0, from (1) y = 0
 The slope of the tangent to the curve (1) is maximum at the point (0, 0). 


