CBSE CLASS XII MATHS
More On Differential Equations
	Two mark questions with answers

	Q1. Solve (dy/dx) = ex-y(ex - ey) 

	Ans1. Rewriting, (dy/dx) = e2x.e-y - ex or (dy/dx) + ex =  e2x.e-y
Dividing by e-y , ey(dy/dx) + ex.ey = e2x
Putting   ey = z so that ey(dy/dx) = (dz/dx), we get (dz/dx) + ex.z = e2x
I.F. = eexdx = eex
z.eex = e2x.eex + c = ex.eex.exdx + c
= tet dt + c (Putting ex = t so that ex dx = dt)
 t.et - (1 - et) dt + c (Integrating by parts)
 tet - et = et(t - 1) + c  ey.ex = eex (ex - 1) + c (... z = ex and t = ex)
 ey = ex - 1 + ce-ex. (Dividing by eex) 

	Q2. Solve the differential equation d2x/dy2 = e-y. 

	Ans2. The given differential equation is d2x/dy2 = e-y.
Integrating both sides dx/dy = - e-y + c1.
Integrating again x = e-y + c1x + c2.( is the required solution) 

	Q3. Solve (dy/dx) - (y/x).log y = (y/x2).(log y)2. 

	Ans3. The given equation can be written as
[(log y)2/y].(dy/dx) - (1/x) (log y)3 = 1/x2 [Dividing by y/(log y)2].
Putting (log y)3 = z, so that 3(log y)2.(1/y)(dy/dx) = dz/dx
The equation becomes (1/3).(dz/dx) - (1/x)  z = (1/x2) or (dz/dx) - (3/x).z = (3/x2)
Hene I.F e-3dx/x = e-3logx = (1/x3). Hence the required solution is z.x-3 = (3/x2).(1/x3).dx + c
or z.x-3 = 3.(x-4)/(-4) + c i.e., (log y)3 = -3/4x + cx3. 

	Q4. Solve (x2 - 2x + 2y2)dx + 2xy dy = 0. 

	Ans4. Re-writing the given equation, we have
2xy(dy/dx) + x2 - 2x + 2y2 = 0
or 2y(dy/dx) + [(x2 - 2x)/x] + (2y2/x) = 0
or 2y(dy/dx) + (2/x)y2 = [(2x - x2)/x] .............. (1)
Putting y2 = z so that 2y(dy/dx) = (dz/dx) ......(2) Then from (1), we have (dz/dx) + (2/x)z = (2x - x2)/x ...... (3)
It is linear equation of the form (dy/dx) + py = Q
Here P = (2/x) and Q = [(2x - x2)/x]I.F = e(2/x)dx = e2 logx = elogx2 = x2.
Hence, solution of (3) is z (I.F) = Q. (I.F)dx
or y2x2 = [(2x - x2)/x]x2 dx = (2x2 - x3)dx
or y2x2 = (2/3)x3 - (1/4)x4 + c 

	Q5. Solve (dy/dx) (x3y3 + yx) = 1. 

	Ans5. (dy/dx) (xy + x2y3) = 1. or (1/x2) . (dx/dy) - (1/x)y = y3.
Putting (-1/x) = z, we have (1/x2)(dx/dy) = (dz/dy).
Therefore the equation becomes
(dz/dy) + z.y = y3. I.F = eydy = e(1/2)y2.
Hence the required solution is given by
z.e(y2/2) =  y2.e(y2/2).ydy + c
 z.et = 2t.etdt + c = 2et(t - 1) + c
or (-1/x)e(y2/2) = 2 e(y2/2)(y2/2 - 1) + c
or (1/x) = (1 - y2/2) - ce -(y2/2) 

	

	Four mark questions with answers

	Q1. Solve dy/dx = (x2 + y2 + 1)/(2xy). 

	Ans1. We have dy/dx = (x2 + y2 + 1)/(2xy)...............(i)
 dy/dx = [x/(2xy)] + [(y2 + 1)/(2xy)]
 dy/dx = (x/2y) + [(y2 + 1)/(2xy)]
 2y(dy/dx) - [(y2 + 1)/x] = x
 2y(dy/dx) + (-1/x)(y2 + 1) = x.............(ii)
z = y2 + 1
 dz/dx = 2y(dy/dx)
 (2)  dz/dx + (-1/x)z = x.............(iii)
This is a linear differential equation with dependent variable z
Here p = -(1/x) and Q = x
 Pdx = -(1/x)dx = - logx = logx-1 = log(1/x)
 I.F = epdx = elog(1/x) = 1/x
the solution of (3) is
z (I.F) = Q(I.F) dx + c
 z.(1/x) = x.(1/x) dx + c
 (y2 + 1)/x = x + c  y2 + 1  = x2 + cx. 

	Q2. Solve (dy/dx) - [1/(1 + x)]tany = (1 + x)exsecy 

	Ans2. We have dy/dx - [1/(1 + x)] tany = (1 + x)exsecy
 (1/secy) (dy/dx) - [1/(1 + x)][tany/secy] =  (1 + x)ex
 cosy(dy/dx) - [1/(1 + x)]siny = (1 + x)ex...............(i)
z = siny  dz/dx = cosy(dy/dx).
 (i)  (dz/dx) - [1/(1 + x)]z = (1 + x)ex.................(ii)
This is a linear differential equation with dependent variable z.
Here P = -[1/(1 + x)] and Q = (1 + x)ex
pdx = -[1/(1 + x)]dx = - log(1 + x) = log [1/(1 + x)]
 I.F = epdx = elog[1/(1 + x)] = 1/(1 + x)
 The solution of (2) is z (I.F.) = Q(I.F.)dx + C
 z[1/(1 + x)] = (1 + x)ex.[1/(1 + x)]dx + C
 siny/1 + x = ex + C  siny = (ex + C)(1 + x) 

	Q3. Solve (x + 2y + 3)dx = (2x + 3y + 4)dy 

	Ans3. dy/dx = (x + 2y + 3)/(2x + 3y + 4) ...................(1)
Putting x = X + h, y = Y + k
So that dY/dX = dy/dx, the equ. becomes dY/dX = [X + 2Y + (h + 2k + 3)]/[2x + 3y + (2h + 3k + 4)] ............(2)
Choose h, k, so that h + 2k + 3 = 0 ....... (3) 2h + 3k + 4 = 0 .........(4)
From (3) and (4) we ahve h = 1, k = -2,
 dY/dX = (X + 2Y)/(2X + 3Y)
Putting Y = vX, we have  v + X (dv/dX) = [(1 + 2v)/(2 + 3v)]
or X(dv/dX) = [(1 + 2v)/(2 + 3v)] - v = (1 + 2v - 2v - 3v2)/(2 + 3v) = (1 - 3v2)/(2 + 3v)
Seprating the variables we get
[(2 + 3v)/(3v2 - 1)]dv = -(dX/X)
 
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dv = -(dX/X)
Integrating (1/3) . log {(v3 - 1)/(v3 + 1)} + (1/2)log (3v2 - 1) = - logX + logc
or {(X3 - X)/(Y3 + X)}1/3.(3Y2 - X2) = c where X = x - 1 and Y = y + 2. 

	Q4. Solve : (2x - y + 1)dx + (2y - x - 1)dy = 0. 

	Ans4. We have dy/dx = -[(2x - y + 1)/(2y - x - 1)]
Put x = X + h, y = Y + k. Then dy/dx = dY/dX
Thus, the equation becomes dY/dX = -[{2X - Y + (2h - k + 1)}/{2Y - X + (2k - h - 1)}]
Solving for h, k, 2h - k + 1 = 0; 2k - h - 1 = 0 We get h = (-1/3) and k = 1/3
 dY/dX = -[(2X - Y)/(2Y - X)]. Now putting Y = vX we get v + X (dv/dX) = -[(2 - v)/(2v - 1)]
 X (dv/dX) = [(v - 2)/(2v - 1)] - v = [-2(v2 - v + 1)]/(2v - 1)
or [(2v - 1)/(v2 - v + 1)]dv = -2dX/X . (variables separated)
Integrating, log (v2 - v + 1) = -2 logX + logc  (X2 - XY + Y2) = logc
or X2 - XY + Y2 = c Where X = x + (1/3), Y = y - (1/3)
 [(3x + 1)/3]2 - [(3x + 1)/3] [(3y - 1)/3] + [(3y - 1)/3]2 = c
or (9x2 + 6x + 1) - (9xy - 3x + 3y - 1) + (9y2 - 6y + 1) = 9c
or x2 - xy + y2 + x - y = c' 

	

	Six mark questions with answers

	Q1. Solve d2y/dx2 = x3sinx 

	Ans1. We have dy2/dx2 = x3 sinx (integrating we have,)
 dy/dx = x3sinxdx + c1 = x3(-cosx) - 3x2(-cosx)dx + c1
= -x3 cosx + 3  x2cosx dx + c1
= - x3 cosx + 3[ x2 sinx -  2x sinx dx] + c1
= - x3 cosx + 3x2sinx - 6 [x(-cosx) -  1.(-cosx)dx] + c1
= -x3 cosx + 3x2sinx - 6xcosx - 6sinx + c
dy/dx = (-x3 + 6x)cosx + (3x2 - 6)sinx + c1
 y =  (-x3 + 6x)cosx dx + (3x2 - 6)sinx dx + c1x + c2
= (-x3 + 6x)sinx - (-3x2 + 6) sinx dx + (3x2 - 6)(-cosx) - 6x(-cosx)dx + c1x + c2
= (-x3 + 6x)sinx - [-(3x2 + 6)(-cosx) - (-6x)(-cosx)dx - (3x2 - 6)cosx + 6[xsinx - 1.sinx dx] + c1x + c2
= (-x3 + 6x)sinx + (-3x2 + 6)cosx + 6 [xsinx -  1.sinx dx] - (3x2 - 6)cosx + 6x sinx + 6cosx + c1x + c2
= (-x3 + 6x)sinx + (-3x2 + 6)cosx + 6xsinx + 6cosx - (3x2 - 6)cosx + 6x sinx + 6 cosx + c1x + c2
 y = (-x3 + 6x + 6x + 6x)sinx + (-3x2 + 6 + 6 - 3x2 + 6 + 6 ) cosx + c1x + c2
or y = (-x3 + 18x)sinx + (24 - 6x2)cosx + c1x + c2 

	Q2. Solve the differential equation :
2(dx/dy) = (y/x) + (y2/x2) 

	Ans2. The given differential equation is
2(dx/dy) = (yx + x2)/x2
Or 2x2(dy/dx) = xy + y2
Or 2x2(dy/dx) - xy = y2
Dividing by 2x2y2
y-2(dy/dx) - (1/2x)y-1 = (1/2x2) .........(i)
Put y-1 = z so that (-1)y-2(dy/dx) = dz/dx
 (i) reduces to
-(dz/dx) - (1/2x)z = (1/2x2) 
(dz/dx) + (1/2x)z = (-1/2x2) ..........(ii)
(ii) is linear equation of first order
Integrating factor = e(1/2x)dx = e(1/2)logx = x
 Solution is given by
zx = -(1/2x2)xdx + c
zx = (-1/2)[{x(-3/2+1)/(-1/2)} + c]
zx = (1/x) + c
y-1x = (1/x) + c
x = y(1 + cx) 

	Q3. Solve the differential equation :
(d2y/dx2) = ex{sinx + cosx}
Given that y = 1 and (dy/dx) = 0 where x = 0. 

	Ans3. (d2y/dx2) = ex(sinx) + ex(cosx)
Integration both sides
(dy/dx) = exsinxdx + excosxdx + c1
 (dy/dx) = sinx ex - excosxdx + excosxdx + c1
 (dy/dx) = sinx ex + c1
Where x = 0 and dy/dx = 0
 0 = 0 + c1  c1 = 0
Or dy/dx = sinxex
Integrating again
y = exsinx + c2
Now let g = exsinxdx = sinxex - excosxdx
= sinxex - [excosx + exsinxdx]
 2g = sinxex - excosx
Or g = (1/2)ex(sinx - cosx)
 y = (1/2)ex[sinx - cosx] + c2
Where x = 0, y = 1
 1 = -(1/2) + c2 or c2 = 3/2
So, y = (1/2)ex[sinx - cosx] + (3/2). 

	Q4. Solve the differential equation :
(dy/dx) + ycosx = ynsin2x. 

	Ans4. The given differential equation is
(dy/dx) + ycosx = yn sin2x
Or  (1/yn)(dy/dx) + (1/yn-1)cosx = sin2x ........(i)
Put (1/yn-1)  = u so that
(du/dx) = (d/dx)[y-(n-1)] = (1 - n)y-(n-1)-1 (dy/dx)
 (1/yn)(dy/dx) = 1/(1-n)(du/dx), n  1
Substituting these values in (i), we get
[1/(1 - n)](du/dx) + ucosx = sin2x
Or (du/dx) + (1 - n)cosx x u = (1 - n)sin2x ........(ii)
Which is a linear in u
 I.F. = e(1 - n)cosxdx = e(1-n)sinx
Hence, the solution of (ii) is given by
ue(1 - n)sinx = e(1 - n)sinx(1 - n)sin2xdx + c
= 2(1 - n)e(1-n)sinxsinxcosxdx + c
Put (1 - n)sinx = t  (1- n)cosxdx = dt
= 2[{t/(1 - n)} . etdt + c = {2/(1 - n )}tetdt + c
= {2/(1 - n)}[tet - 1 . etdt] + c = {2/(1 - n)} . et[t - 1] + c
= {2/(1 - n)}e(1 - n)sinx[(1 - n)sinx - 1] + c
= e(1- n)sinx[2sinx + {2/(n - 1)}] + c
but u = 1/y(n - 1) = y(n - 1) so that the solution of (i) is
y(1 - n)e(1 - n)sinx = e(1 - n)sinx[2sinx + {2/(n - 1)}] + c
Or y(1-n) = 2sinx + {2/(n - 1)} + c.e - (1 - n)sinx when n  1 and when n = 1. the given differential equation reduces to
(dy/dx) + ycosx = ysin2x which can be solved by separating the variables and the solution is
y = Ae-[(2sinx + cosx)/2] 


