CBSE CLASS XII MATHS
Three Dimensional Geometry
	Two mark questions with answers

	Q1. If a vector 
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has direction ratios a, b, c then . 

	Ans1. Since a, b, c are d.r's of [image: image2.png]


, therefore its direction cosines are[image: image3.png]



So, [image: image4.png]


= |[image: image5.png]
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 + m[image: image7.png]
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)
= |[image: image9.png]
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Or [image: image11.png]




	Q2. A vector [image: image12.png]


is inclined to OX at 45º and OY at 60º. Find the angle at which [image: image13.png]


is inclined to OZ. 

	Ans2. Let [image: image14.png]


is inclined at angle  to OZ. Let l, m, n be the direction cosines of [image: image15.png]


. Then
l = cos 45º, m = cos 60º, n = cos 
 l = 1/2, m = 1/2, n = cos 
Now, l2 + m2 + n2 = 1  1/2 + 1/4 + n2 = 1
 n2 = 1/4  n = ± 1/2
 cos  = + 1/2   = 60º or 120º
Hence, [image: image16.png]


is inclined to OZ either at 60º or at 120º. 

	Q3. If a vector makes angles , , , with OX, OY and OZ respectively, prove that sin2 + sin2 + sin2 = 2. 

	Ans3. Let l, m, n be the direction cosines of the given vector.
Then l = cos, m = cos, n = cos.
Now, l2 + m2 + n2 = 
 cos2 + cos2 + cos2 = 1
 (1 - sin2) + (1 - sin2) + (1 - sin2) = 1
 sin2 + sin2 + sin2 = 2. 

	Q4. Find the equation of the plane containing the line of intersection of the plane x + y + z - 6 = 0 and 2x + 3y + 4z + 5 = 0 and passing through the point (1, 1, 1). 

	Ans4. The equation of the plane through the line of intersection of the given planes is
(x + y + z - 6) + (2x + 3y + 4z + 5) = 0 ............. (i)
It passes through (1, 1, 1)   = 3/14
putting  = 3/14 in (i), we obtain the equation of the required plane as (x + y + z - 6) + (3/14) (2x + 3y + 4z + 5) = 0
 20x + 23y + 26z - 69 = 0. 

	Q5. Find the equation of the plane through the line of intersection of [image: image17.png]


.(2[image: image18.png]


 - 3[image: image19.png]


 + 4[image: image20.png]


) = 1 and [image: image21.png]


([image: image22.png]


 - [image: image23.png]


) + 4 = 0 and perpendicular to [image: image24.png]


.(2[image: image25.png]


 - [image: image26.png]


+ [image: image27.png]


) + 8 = 0. 

	Ans5. The equation of any plane through the line of intersection of the given planes is
[[image: image28.png]
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 - 3[image: image30.png]
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) - 1] +[[image: image32.png]


.([image: image33.png]


 - [image: image34.png]


) + 4] = 0
or, [image: image35.png]


[(2 + )[image: image36.png]


 - (3 + )[image: image37.png]


 + 4[image: image38.png]


] = 1 - 4 ........... (i)
(i) is perpendicular to [image: image39.png]


(2[image: image40.png]


 - [image: image41.png]


+ [image: image42.png]


) + 8 = 0 then
[(2 + )[image: image43.png]


 - (3 + )[image: image44.png]


 + 4[image: image45.png]


] (2[image: image46.png]


 - [image: image47.png]


+ [image: image48.png]


) = 0
 2(2 + ) + (3 + ) + 4 = 0  3 + 11   = -11/3
putting  = -11/3 in (i), we obtain the equation of the required planes is  [image: image49.png]


.(-5[image: image50.png]


 - 2[image: image51.png]


 + 12[image: image52.png]


) = 47. 

	Q6. Find the distance of the point (2, 1, 0) from the plane 2x + y + 2z + 5 = 0. 

	Ans6. The distance of the point (x1, y1, z1) from the plane ax + by + cz + d = 0 is
(|ax1 + by1 + cz1 + d|)/(a2 + b2 + c2)
So, required distance = [image: image53.png]xarlrixurol 0






	Q7. Reduce the equation [image: image54.png]


.(3[image: image55.png]


 - 4[image: image56.png]


 + 12[image: image57.png]


) = 5 to normal form and hence find the length of perpendicular from the origin to the plane. 

	Ans7. The given equation is [image: image58.png]


.(3[image: image59.png]


 - 4[image: image60.png]


 + 12[image: image61.png]


) = 5.
or [image: image62.png]
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 = 5, where n = 3[image: image64.png]


 - 4[image: image65.png]


 + 12[image: image66.png]


.
Since |[image: image67.png]


| = [32 + (-4)2 + 122] = 13  1, therefore the given equation is not in normal form. To reduce it to normal form, we divide both sides by |[image: image68.png]


| i.e.,
or [image: image69.png]


.[image: image70.png]


/|[image: image71.png]


| = 5/|[image: image72.png]


|   [image: image73.png]



This is the normal form of the equation of given plane. The length of the perpendicular from the origin = 5/13. 

	Q8. Find the angle between the planes or [image: image74.png]


.(2[image: image75.png]


 - [image: image76.png]


+ [image: image77.png]


) = 6 and   [image: image78.png]


([image: image79.png]
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+ 2[image: image81.png]


) = 5. 

	Ans8. The angle between the planes [image: image82.png]
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1 = d1 and [image: image84.png]


.[image: image85.png]


2 = d2 given by
cos= ([image: image86.png]


1.[image: image87.png]


2))/(|[image: image88.png]


1||[image: image89.png]


2|)
Here, [image: image90.png]


1 = (2[image: image91.png]


 - [image: image92.png]


+ [image: image93.png]


) and [image: image94.png]


2 = ([image: image95.png]


 + [image: image96.png]


+ 2[image: image97.png]


).
So, cos = [(2[image: image98.png]
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+ [image: image100.png]


).([image: image101.png]


 + [image: image102.png]


+ 2[image: image103.png]


)]/(|2[image: image104.png]


 - [image: image105.png]


+ [image: image106.png]


||[image: image107.png]


 + [image: image108.png]


+ 2[image: image109.png]


|) = 1/2
  = /3 

	Q9. Find the equation of the plane through the point (1, 4, -2) and parallel to the plane -2x + y - 3z = 7. 

	Ans9. Let [image: image110.png]


be the equation of a plane parallel to the plane -2x + y - 3z = 7 be -2x + y - 3z + k = 0............(i)
This passes through (1, 4, -2)
(-2)(1) + 4(-3)(-2) + k = 0
 -2 + 4 + 6 + k = 0  k = -8
putting k = -8 in (i), we obtain
-2x + y - 3z - 8 = 0 or 2x - y + 3z + 8 = 0
This is the equation of the required plane. 

	

	Four mark questions with answers

	Q1. A vector [image: image111.png]


has length 21 and direction ratio 2, -3, 6. Find the direction cosines and components of [image: image112.png]


, given that [image: image113.png]


makes an acute angle with x axis. 

	Ans1. If a, b, c are direction ratioes of a vector, then its direction cosines are 
± [image: image114.png]EFTE RV v vl K v




Therefore direction cosines of [image: image115.png]


are 
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Since [image: image117.png]


makes an acute angle with x axis, therefore cos  > 0 i.e.,
l > 0.
So, direction cosines of [image: image118.png]


are 2/7, -3/7, 6/7
... [image: image119.png]


= 21 [(2/7)[image: image120.png]


 - (3/7)[image: image121.png]


 + (6/7)[image: image122.png]


]  [using [image: image123.png]


= |[image: image124.png]


| (l[image: image125.png]


 + m[image: image126.png]


 + n[image: image127.png]
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or [image: image128.png]


= 6[image: image129.png]


 - 9[image: image130.png]


 + 18[image: image131.png]


.
So components of [image: image132.png]


along ox, oy and oz are 6[image: image133.png]


, -9[image: image134.png]


, -18[image: image135.png]


 respectively. 

	Q2. Find the vector equation of a line passing through two given points. 

	Ans2. Let O be the origin and A and B be the given points with position vectors [image: image136.png]


and [image: image137.png]


respectively. Let [image: image138.png]


be the position vector of any point p on the line passing through the points A and B.Then [image: image139.png]


= [image: image140.png]


, [image: image141.png]


= [image: image142.png]


and [image: image143.png]


= [image: image144.png]


. Since [image: image145.png]


is collinear with [image: image146.png]


, therefore
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 [image: image148.png]


= [image: image149.png]


 
 [image: image150.png]


- [image: image151.png]


= ([image: image152.png]


 - [image: image153.png]


)
[image: image154.png]


- [image: image155.png]


= ([image: image156.png]


 - [image: image157.png]


)
[image: image158.png]


= [image: image159.png]


+ ([image: image160.png]


 - [image: image161.png]


)
since every point on the line satisfies this equation for each value of  this equation gives the position vector of a point P on the line.Hence, the vector equation of the line is
[image: image162.png]


= [image: image163.png]


+ ([image: image164.png]


 - [image: image165.png]


). 

	Q3. Find the ratio in which the join of the points A(2, 1, 5) and B(3, 4, 3) is divided by the plane 2x + 2y - 2z = 1. Also, find the co-ordinates of the point of division. 

	Ans3. Let the plane 2x + 2y - 2z = 1 divides the line joining the points A(2, 1, 5) and B(3, 4, 3) at a point c in the ratio  : 1. Then the co-ordinates of C are
[image: image166.png][
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..........................(i)
since point C lies on the plane 2x + 2y - 2z = 1, therefore co-ordinates of C must satisfy the equation of the plane. i.e.,
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 8 - 4 =  + 1   = 5/7
so, the required ratio is (5/7) : 1 or 5 : 7 putting  = 5/7 in (i), the co ordinates of the point of division C are (29/12, 9/4, 25/6) 

	Q4. Show that the centroid of the triangle with vertices A(x1, y1, z1), B(x1, y1, z1) and C(x1, y1, z1) is
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	Ans4. Let D be the mid point of AC.
[image: image169.png]



Then co-ordinates of D are
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Let G be the centroid of  ABC.Then G divides the AD in the ratio of 2:1.Then the coordinate of G are
[image: image171.png]
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	Q5. The plane x/a + y/b + z/c = 1 meets the co-ordinates axes at A, B and C respectively.Find the equation of the sphere OABC. 

	Ans5. The plane x/a + y/b + z/c = 1 meets x, y, and z axes at A(a, 0, 0), B(0, b, 0),and C(0, 0, c) respectively.
Let the equation of the sphere OABC be
x2 + y2 + z2 + 2ux + 2vy + 2wz + d = 0 .............. (i)
Since it passes through O(0, 0, 0), A(a, 0, 0), B(0, b, 0) and C(0, 0, c) therefore
d = 0 ......................... (ii)
a2 + 2ua + d = 0 ........... (iii)
b2 + 2vb + d = 0 ......... (iv)
c2 + 2wc + d = 0 ........... (v)
Putting d = 0 in (iii), (iv) and (v) we obtain
u = -(a/2), v = -(b/2), w = -(c/2)
Substituting the values of u, v, w and d in (i), we obtain x2 + y2 + z2 - ax - by - cz = 0 as the equation of the required sphere. 

	Q6. Find the equation of the sphere whose centre has the position vector 3[image: image173.png]


 + 6[image: image174.png]


 - 4[image: image175.png]


 and which touches the plane [image: image176.png]


(2[image: image177.png]


- 2[image: image178.png]


 - [image: image179.png]


) = 10. 

	Ans6. Let the radius of the required sphere be R.Then its equation is
|[image: image180.png]


 - (3[image: image181.png]


 + 6[image: image182.png]


 - 4[image: image183.png]


) = R
Since the plane [image: image184.png]


(2[image: image185.png]


 - 2[image: image186.png]


 - [image: image187.png]


) = 10 touches the sphere (i), therefore length of the perpendicular from the centre to the plane [image: image188.png]


.(2[image: image189.png]


 - 2[image: image190.png]


 - [image: image191.png]


) = 10 is equal to the radius R.
i.e.,{|(3[image: image192.png]


 + 6[image: image193.png]


 - 4[image: image194.png]


).(2[image: image195.png]


 - 2[image: image196.png]


 - [image: image197.png]


)- 10}/{2[image: image198.png]


 - 2[image: image199.png]


 - [image: image200.png]


} = R
 6 - 12 + 4 - 10/3 = R  R = 4
Putting R = 4 in (i), we obtain [image: image201.png]


 - (3[image: image202.png]


 + 6[image: image203.png]


 - 4[image: image204.png]


) = 4
as the equation of the required sphere. 

	Q7. Reduce in symmetrical from, the equation of the line x - y + 2z = 5, 3x + y + z = 6. 

	Ans7. Let a, b, c be the d.r's of required line which lies in both the given planes, we must have a - b + 2c = 0 and 3a + b + c = 0
Solving these two equation by cross multiplication, we get
[image: image205.png]1D 6.0 d+p "3




In order to find a point on the required line, We put z = 0 in the two given equation to obtain
x - y = 5, 3x + y = 6
Solving these two equation, We obtain x = 11/4, y = -9/4, Therefore, co ordinates of a point on the required line are (11/4, -9/4, 0). Hence the equation of the required line is
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	Six mark questions with answers

	Q1. Find the line angle between the lines x - 2y + z = 0 = x + 2y - 2z and x + 2y + z = 0 = 3x + 9y + 5z. 

	Ans1. Let a, b, c, be the direction ratios of the line x - 2y + z = 0 and x + 2y - 2z = 0.Since it lies in both the planes, therefore, it is to the normal to the two planes.
... a1 - 2b1 + c1 = 0
a1 + 2b1 - 2c1 = 0
Solving these two equation by cross-multiplication, We have
[image: image207.png]



Let a2, b2, c2, be the direction ratios of the line x + 2y + z = 0 =  3x + ay + 5z.Then as discussed above
a2 + 2b2 + c2 = 0 3a2 + 9b2 + 5c2 = 0
 [image: image208.png]



Let Q be the angle between the given lines.then
cos = [image: image209.png]3183 00y tocy
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  = cos-1{8/(406)} 

	Q2. Find the equation of the sphere which passes through
(4, -1, 2)(0, -2, 3)(1, 5, -1) and (2, 0, 1). 

	Ans2. Let the equation of the required sphere be
x2 + y2 + z2 + 2ux + 2vy + 2wz + d = 0 .................. (i)
Since it passes through (4, -1, 2), (0, -2, 3), (1, 5, -1) and (2, 0, 1)
... 21 + 8u - 2v + 4w + d = 0 ....................... (ii)
13 + 0u - 4v + 6w + d = 0 ........................ (iii)
27 + 2u + 10v - 2w + d = 0 ....................... (iv)
5 + 4u + 0 v + 2w + d = 0 .......................... (v)
subtracting (v) from (ii), (iii) and (iv) respectively, We obtain
16 + 4u - 2v + 2w = 0 or 2u - v + w = -8 .................... (vi)
8 - 4u - 4v + 4w = 0 or u + v - w = 2 ......................... (vii)
22 - 2u + 10v - 4w = 0 or u - 5v + 2w = 11 ................ (viii)
Adding (vi) and (vii), we obtain, 3u = -6  u = -2.
Putting u = -2 in (vi) and (viii), we obtain
-v + w = -4 and -5v + 2w = 13
Solving these two equation we get v = -7 and w = -11
Substituting the values of u, v, w in (ii), we get d = 25. Thus u = -2 v = -7, w = -11 and d = 25
Substituting these values in (i), we get
x2 + y2 + z2 - 4x - 14y - 22z + 25 = 0. 

	Q3. Find the centre and radius of the circle in which the sphere x2 + y2 + z2 + 2x - 2y - 4z - 19 = 0 is cut by the plane x + 2y + 2z + 7 = 0. 

	Ans3. Let c be the centre of the sphere, and let M be the foot of the perpendicular from c on the plane. Let P be any point on the circle. Then CP = radius of the sphere.
[image: image212.png]



The co-ordinates of the centre of the sphere are (-1, 1, 2)
radius = CP = (1 + 1 + 4 + 19) = 5.
Equation of the line CM normal to the given plane through centre c(-1, 1, 2) of the sphere is 
[image: image213.png]


(say) .......... (i)
Any point on (i) is ( - 1, 2 + 1, 2 + 2). If this point lies on the given plane, we have
( - 1) + 2(2 + 1) + 2(2 + 2) + 7 = 0  = -4/3
Therefore the centre of the circle is
(-4/3 - 1, -8/3 + 1, -8/3 + 2) i.e., (-7/3, -5/3, -2/3)
Now, CM = length of the perpendicular from c(-1, 1, 2)
on the plane x + 2y + 2z + 7 = 0
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= 12/3 = 4
Therefore, PM = (CP2 - CM2)  = 52 - 42 = 3. 

	Q4. Find the equations of the bisector planes of angles between the planes 2x - y + 2z + 3 = 0 and 3x - 2y + 6z + 8 = 0 and specify the plane which bisects the acute angle and the plane which bisects the obtuse angle. 

	Ans4. The two given planes are 
2x - y + 2z + 3 = 0 ................ (i)
and 3x - 2y + 6z + 8 = 0 .............. (ii)
The equations of the planes bisecting the angles between (i) and (ii) are
[image: image215.png]
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 14x - 7y + 14z + 21 =  (9x - 6y + 18z + 24)
Taking positive signs on the right hand side, we obtain
5x - y - 4z - 3 = 0 ..................... (iii)
and taking negative signs on the right hand side, we obtain
23x - 13y + 32z + 45 = 0 .............................. (iv)
Hence the two bisector planes are 5x - y - 4z - 3 = 0 and 23x - 13y + 32z + 45
Now to find the angle bisector bisecting the acute angle between (i) and (ii) we find the angle between one of the given planes and one of the angle bisectors. Let  be the angle between (i) and (iii). Then
cos = [image: image218.png]B2 + Cleh +a04)





= 1/(42)
 sin = (1 - cos2) = {1 - 1/42} = (41/42)
 tan = sin/cos = (41) > 1
Thus, the angle between (i) and (iii) is more than /4.
Therefore (iii) bisects the obtuse angle between the given planes and hence the remaining (iv) bisects the obtuse angle between the given planes. 


